A nonlinear modeling of magnetostrictive cantilever beam actuators is proposed by integrating an energy-based constitutive magnetostrictive model with the classical laminated beam theory in this article. The composite stiffness and the magnetic field are identified as the critical parameters which significantly influence the performance of the cantilever beam. Detailed experimental studies are carried out with different applied magnetic fields and various cantilever beam thicknesses. The experimental results verified the nonlinearity of the magnetomechanical response of the structure.
Introduction
Galfenol (iron-gallium alloy) is a type of smart material that has excellent magnetostrictive properties, including high free strain at low magnetic fields, high stress sensitivity, and useful thermo-mechanical properties. [1] [2] [3] The laminated bender structures utilizing Galfenol drivers provide a potential alternative to the brittle materials such as lead zirconate titanate (PZT) and Terfenol-D. 4, 5 Galfenol has involved a wide range of applications in active structures such as actuators and sensors. Ueno and colleagues [6] [7] [8] [9] focused on the study of microactuators based on Galfenol. Flatau and colleagues [10] [11] [12] investigated the bending behavior of Galfenol for sensor applications. Many experiments have been conducted with dynamic bending loads to aid the understanding of material behaviors. The extensive application prospect of the Galfenol stimulates the development of modeling of the laminated magnetostrictive structures.
A theoretical model can be obtained through using energy minimization methods, 13 which is proved to be effective for all kinds of laminated structures. However, this approach does not take the magnetocrystalline anisotropy energy into consideration; thus, this model is only applicable to handle isotropic saturation magnetostriction in amorphous magnetostrictive materials. In the model proposed by Guerrero and Wetherhold, 13 the change in the magnetostriction in the active layer due to the stress developed in the active material was not considered. Datta et al. 12 developed a magnetomechanical model of a laminated cantilever for sensor applications. This model can only be used to analyze the quasi-static response of the active Galfenol laminated structure. Wun-Fogle et al. 14 developed a planar magnetomechanical rotation model to predict sensing performance of an amorphous magnetostrictive material adhered to an aluminum cantilever beam subjected to various loading conditions. In this model, however, the structural interaction between the magnetostrictive layer and the aluminum beam as well as its effect on the performance of the magnetostrictive material was not taken into account. A finite element (FE) approach 15 was used to analyze the structural interactions between the active and the passive layers of a magnetostrictive composite. In the analysis, constant magnetomechanical properties of the active structure are adopted, that is, the influence of the developed stress due to the structural deformation of the active layer on its magnetomechanical properties is ignored.
In this study, the nonlinear modeling of the magnetostrictive Galfenol cantilever beam actuators was investigated by integrating an energy-based constitutive magnetostrictive model (ECMM) with the traditional laminated beam theory. In the energy-based constitutive model, the total energy with an applied stress and a magnetic field was determined by the sum of the magnetic, the stress-induced, and the magnetocrystalline anisotropic energies with different orientations of the magnetization. The Euler-Bernoulli beam theory is used for the structural analysis of the laminated beams. The composite stiffness and the magnetic field are identified as the key parameters influencing the performance of the Galfenol-driven magnetostrictive cantilever beam. Various experiments are performed through changing two parameters, including the applied magnetic field and the cantilever beam thickness.
Model formulation

ECMM
The model of the magnetostrictive materials should be capable of predicting the characteristics of nonlinear l-H and B-H. The energy-based magnetomechanical model is proven to provide accurate predictions of the nonlinear behavior of the magnetostrictive material. 16 Based on the energy-based constitutive model, the total energy with an applied stress and a magnetic field is determined by the sum of the magnetic, the stressinduced, and the magnetocrystalline anisotropic energies along different orientations of magnetization. Five material constants are required in this model, namely, the cubic crystalline anisotropy constants K 1 and K 2 , the magnetostrictive constants l 100 and l 111 , and the saturation magnetization M s . Assuming that the magnetic field (H) is applied along the direction cosines (b 1 , b 2 , b 3 ) and the stress (s) is applied along the direction cosines (g 1 , g 2 , g 3 ), the magnetic, the stressinduced, and the magnetocrystalline anisotropic energies are shown as follows, respectively
The total energy (E TOT ) of the system corresponding to various orientations of the magnetic moments with direction cosines (a 1 , a 2 , a 3 ) is as shown in equation (4) . The direction cosines can be expressed in terms of the azimuthal angle (u) and the polar angle (u) with the conversions of a 1 = sin u cos u, a 2 sin u sin u and
The magnetization components, the magnetic induction, and the magnetostriction components can be calculated through equations (5), (6) , and (7), respectively M = 
Classical laminated beam theory with induced-strain actuation
The classical Euler-Bernoulli beam theory can be used in the structural analysis of the laminated beams with the following assumptions 17 :
1. There is no flaw or gap in the bond layer between the laminae, and the thickness of the layer is ignored. 2. There is no shear deformation in the bond layer. 3. The bond layer has infinite stiffness so that the composite beam behaves like a single lamina with integrated properties. Figure 1 shows a Galfenol-aluminum laminated composite beam. In general, the composite beam may undergo both extension and bending. Therefore, the axial displacement along the x-direction may be expressed using equation (8) , where u 0 is the extensional displacement of the mid-plane of the composite beam
Similarly, the total axial strain (e x ) can be expressed through equation (9) , where e 0 is the mid-plane strain and k is the curvature about the y-axis. Note that a non-zero mid-plane strain indicates that the neutral axis (where e x = 0) of the composite beam no longer coincides with its mid-plane
Assume that a composite beam with NL number of laminae is subjected to a force (F) along the x-direction and a bending moment (M) about the y-axis. If s x is the axial stress developed in the beam, the force balance along the x-axis and the moment balance about the y-axis yield equations (10) and (11) , where h k is the distance of the edge of each lamina from the mid-plane
Àt=2
It should be noted that the mid-plane is considered as the plane where z = 0. For an active material with free strain (l), the one-dimensional (1D) Hooke's law can be written as equation (12), where E is Young's modulus
If we substitute equation (12) into equations (10) and (11) and integrate over the thickness of each lamina, the force and the moment balance in the beam can be expressed as equations (13) and (14), respectively. It is assumed that Young's modulus and the width of each lamina do not vary across the thickness of each lamina
Equations (13) and (14) can be combined and written as equation (15), which can be used to obtain the midplane strain and the curvature of the composite beam
The terms in equation (15), including the extensional stiffness (EA), the extension-bending coupling stiffness (ES), the bending stiffness (EI), the actuation-induced force (F), and the actuation-induced moment (M), can be obtained from equations (16) to (20) 
Equation (15) shows that the axial and the bending displacements can be coupled in a laminated composite beam. In addition, the active strain in any of the laminae produces both the extensional force and the bending moment, which deform the active composite beam.
Comparison with other models
The proposed ECMM was compared with the theoretical models developed by De Lacheisserie, 18 Klokholm and Jahnes, 19 Guerrero and Wetherhold, 13 and Datta. 20 The dependence of the normalized tip displacement on the thickness ratio was investigated and compared among various models.
The results are displayed in Figure 2 . The models of Lacheisserie and Klokholm both predicted a monotonical increase with the increase in the beam thickness ratio. In the predictions by Guerrero, Datta, and ECMM, when the thickness ratio increases, the magnitude of the normalized tip displacement will increase at the beginning and then decrease after reaching the maximum value. They predicted similar normalized tip displacements only at high thickness ratios. Due to the integration of an ECMM with the classical laminated beam theory, the ECMM provided a more sensitive modeling framework for the response of the magnetostrictive composites to the thickness ratio.
Analysis of test setup and experimental results
Description of the experiments
Several prior works have shown the application of the Galfenol-driven cantilever beam, in which the Galfenol lamina was attached to other materials. 7, 21 However, neither experimental work nor theoretical estimation has been performed to help in understanding the effect of the composite stiffness and the operating conditions on the actuation performance of such beam. Based on the above theory, the optimal stiffness and the magnetic field criteria could be obtained to produce the maximum bending displacement.
The length, the width, and the thickness of the Galfenol lamina are measured along the crystallographic 100 h i directions, and their dimensions are 32 mm 3 9 mm 3 1:85 mm. A larger sample cannot be obtained owing to the restriction by the size of irongallium ingot. A solenoid with the length of 82 mm, diameter of 35 mm, and with 2800 turns is applied to the magnetic field. The Galfenol lamina is placed inside the solenoid along the center of the long axis and is subjected to a cyclic quasi-static magnetic field with an amplitude of 68 kA/m and a frequency of 0.01 Hz. Prior to the application of the quasi-static magnetic field, the Galfenol sample is demagnetized over 190 cycles in the 2 Hz sinusoidal magnetic field, which underwent a 15% geometric decay every three cycles from an initial amplitude of 80 kA/m. It should be noted that all the values on the magnetic field mentioned above are measured using a hand-held gauss meter in the air. Hence, the measured values depend on the applied magnetic fields. The Hall-effect sensor cannot be used to estimate a single-valued internal magnetic field in Galfenol due to the absence of a closed magnetic circuit which caused flux leakage and spatial magnetic field variation. The strain along the length of Galfenol lamina is placed parallel to the direction of applied magnetic field, which is measured using a Vishay CEA-13-500UW-120 resistive strain gage. When all the experiments performed on each unimorph are finished, the Galfenol and the aluminum are delaminated by immersing the composite beam in an acetone bath and subjecting it to ultrasonic shaking for 20 min.
In order to study the effect of composite stiffness on the out-of-plane tip displacement (w TIP ) of the cantilevered unimorphs, aluminum laminae with different thicknesses (t 1 ) are chosen. For small out-of-plane tip displacement, the curvature (k ' ∂ 2 v=∂x 2 ) is independent of the position. (w TIP = w at x = L 1 ) can be obtained from the curvature as well as the lengths of the aluminum (L 1 ) and the Galfenol (L 2 ) layers using equation (21) 
Based on equation (9), the curvature can be obtained from the difference of the strains on the surfaces of passive and active layers divided by the thickness (t) of the composite beam as shown in equation (22) 
Aluminum laminae with thicknesses of 0.46, 0.91, 1.85, 3.71, and 7.43 mm are fabricated using wire electrical discharge machining (EDM) to make the Galfenol-aluminum unimorphs, which are expected to have different maximum values of tip displacements. A series of experiments are conducted to evaluate the performance of these unimorphs with the actuators which are subject to bending.
Mechanical analysis of test setup
The structure of the experimental setup is analyzed using the FE method. It is to find whether the location of strain gages is appropriate for measuring the desired strain or the strain gages measured an average strain from a large spatial strain distribution. Furthermore, since the aspect ratio of several unimorphs is not strictly conformed to the suggestion in the Euler-Bernoulli beam theory, it requires to perform a three-dimensional (3D) structural analysis using FE method to find the relative magnitudes of the stress components in either the Galfenol or the aluminum layers. The 3D structural FE analysis is performed using the structural mechanics module in COMSOL multiphysics. The ''Solid, Stress-Strain'' static analysis and the Lagrange-quadratic elements are adopted. The mechanical boundary value problem is solved by COMSOL using the static stress equilibrium shown in equation (23), where b x , b y , and b z are the components of the body forces along the x-, y-and z-directions, respectively
The strain displacement relationships for small strains are as shown in equation (24) e xx e yy e zz g yz g zx g xy The strain compatibility, shown in equation (25) The stress-strain constitutive relationship is described by equation (26), where [c] is the stiffness matrix and l = f l xx l yy l zz l yz l zx l xy g T is the free strain vector fsg = ½c feg À flg ½ ð 26Þ 
The stiffness matrix for isotropic materials can be obtained from Young's modulus (E) and Poisson's ratio (v) as shown in equation (27). In the FE analysis, it defines that E Al = 70 GPa, E Fe-Ga = 63 GPa, v Al = 0:33, and v Galfenol = 0:45. The free strain in Galfenol was implemented in COMSOL by assigning values of saturation magnetostriction l xx = 220 3 10 À6 , l yy = À 110 3 10 À6 , and l zz = À 110 3 10 À6 to the variables (e x, i , e y, i , e z, i ), which denote a uniform prestrain in the material. All the free shear strain components are considered to be 0 due to the orientation of the Galfenol sample used. For aluminum, the free strains are set with 0.
The effect of free strain on the unimorph is studied, where the Galfenol and aluminum layers are of the same length. The clamping of one end of the composite structure is simulated by assigning a ''fixed'' boundary condition at one end along the span of both the Galfenol and aluminum layers, whereas all other faces are assigned to a ''free'' boundary condition.
The simulation is performed with five different aluminum thicknesses which are used in the experiments. Figure 3 shows the simulation result with a 7.43-mmthick aluminum layer, which represents the extreme scenario with the most prominent 3D effects. It is evident from Figure 3 that the strain on the free surfaces for both the Galfenol and the aluminum layers is fairly uniform except the location close to the clamped end and the tip of the composite beam. The existence of the uniform strain makes these areas suitable for strain gage bonding.
The Euler-Bernoulli beam theory is only applicable if the shear stresses are negligible. It is necessary to find the maximum magnitude of all the stress components in the unimorphs with different thicknesses. In all the five unimorphs, the most dominant stress component was s xx with a maximum magnitude of 5 MPa. Besides, the only non-zero stress component was s yy with a maximum magnitude of 1.5 MPa. The 3D FE analysis shows that a two-dimensional (2D) beam theory should be sufficient for modeling these unimorphs.
In order to further compare the predictions of 1D beam theory and 3D FE structural models, the normalized tip displacement is calculated using both models. In order to calculate the normalized tip displacement (Àw TIP t=L 2 3 10 À6 ) of unimorphs with different aluminum layer thicknesses (t 1 in mm) used in no-load actuator tests, equations (21) and (22) are used in the 1D analysis, whereas the actual tip displacement in the zdirection is used in the 3D analysis. The simulation results are shown in Table 1 .
The simulated values of the normalized tip displacements show that the maximum error between 1D and 3D predictions is 4%, which indicates that the aspect ratio of the unimorphs does not have a significant effect and so complete 3D structural analysis might not be the necessary in the analysis of the unimorphs.
Effects of the laminate thickness
The unimorphs comprised a Galfenol layer with a constant thickness and an aluminum layer with a varied thickness, which can alter the stiffness of the unimorph. Actuator characterization is expected to identify the optimal stiffness and the optimal magnetic field, which may produce maximum bending displacement in the unimorph. The magnetic field and the aluminum layer thickness in the unimorphs are considered as control parameters, and their effects on the strain, the Galfenol, and the aluminum surfaces are analyzed. These strains are used to calculate the tip displacements of the beam.
The non-load actuator tests are performed to study the effect of the magnetic field on the actuation of the unimorphs with different stiffnesses. The composite stiffness varied with the thicknesses of the aluminum layer, which are 0.46, 0.91, 1.85, 3.71, or 7.43 mm. The same thickness of the Galfenol lamina with 1.86 mm is used in all the unimorphs. The Galfenol and the aluminum pieces are laminated using Vishay M-Bond. The aluminum layer with a length of 35 mm, a width of 8.4 mm, and an overhang of 10 mm is inserted into a clamping device. The effects of aluminum layer thickness on the strain measured on the free surfaces of the Galfenol and the aluminum layers are shown in Figures 4 and 5 , respectively. The strains are expressed as a function of the applied magnetic field. Figure 4 shows that for each unimorph, the strain on the Galfenol surface increases monotonically till saturation at a certain magnetic field. This behavior is similar to the l À H curve shown earlier. However, the slope of the curve as well as the saturation strain value appeared to increase with the decrease in aluminum layer thickness. The explanation for this behavior is that for a given Galfenol layer thickness, a thinner aluminum layer provides less constraint to the Galfenol layer leading to more free expansion. It should also be noted that for all the unimorphs except the one with t 1 = 7.43 mm, the maximum strain on Galfenol surface is higher than the saturation magnetostriction of the Galfenol sample. Therefore, the strain on the free surface of the Galfenol is due to both extension and bending and should not be construed as the free strain of the Galfenol. Figure 5 shows that the behavior of strain on the aluminum surface is somewhat different from the strain on the Galfenol surface. In general, for all the unimorphs, the magnitude of the strain is increased with the increase in the magnetic field until saturation. However, the monotonic behavior of the strain changes with the increase in the magnetic field and the monotonic behavior of the saturation strain changes with the increase in the aluminum layer thickness as shown in Figure 4 and it does not hold true for Figure 5 .
For t 1 = 7.43, 3.71, and 1.85 mm, the strain on the aluminum surface decreases monotonically with the increase in the magnetic field, thereby clearly exhibiting a bending of these unimorphs. For t 1 = 0.91 mm, the strain initially appears to decrease with the increase in the magnetic field. When the magnetic field is increased over 30 kA/m, the strain will increase with the increase in the magnetic field and even changes the sign at 43 kA/m. This behavior indicates that the unimorph predominantly deforms due to bending at lower magnetic fields, but the effect of bending reduces at higher magnetic fields (larger than 30 kA/m). Finally, for the fields higher than 43 kA/m, the deformation is dominated by extension which is evident from the same sign of the strain on both the Galfenol and the aluminum surfaces. For t 1 = 0.46 mm, the strain on the aluminum surface is positive at all the magnetic fields, which shows that this unimorph predominantly deforms by extension.
The negative values of the saturation strain on the aluminum surface increase when t 1 is changed from 7.43 to 3.71 mm, but decrease with further reduction in t 1 to 1.85 mm. The saturation strains are positive with t 1 = 0.91 and 0.46 mm and increase with the decrease in t 1 . Note that although the change in t 1 follows a geometric progression, that is, each being the half of previous value, no such monotonic behavior can be observed in the saturation strain values with different t 1 . It appears that the saturation strain varies very little with large aluminum thicknesses, but varies significantly with relatively small aluminum thicknesses.
In order to visualize the extension and the bending of each unimorph separately, the strains shown in Figures 3 and 4 could be used to calculate the midplane strain (e 0 ) and the normalized tip displacement of the unimorphs based on the beam theory assumptions using equations (28) and (29), respectively. Here, e AL and e FEGA are the strains on the aluminum and the Galfenol surfaces, respectively
w TIP t L 2 = e AL À e FEGA 2 ð29Þ Figure 6 shows the dependence of the mid-plane strain in the unimorphs on the applied magnetic field. For a given aluminum layer thickness, the mid-plane strain monotonically increases with the increase in the magnetic field. For a given magnetic field, the midplane strain monotonically increases with the decrease in the aluminum layer thickness. The unimorph structure tends to extend more freely with a decrease in aluminum layer thickness since the contribution of aluminum layer to the composite stiffness decreases. Hence, the mid-plane strain asymptotes to the free strain of the Galfenol layer with the decrease in aluminum layer thickness, which is highlighted by the free strain of Galfenol as shown in Figure 5 . Figure 7 shows the dependence of normalized tip displacement in the unimorphs on the applied magnetic field. For a given aluminum layer thickness except t 1 = 0.46 mm, the mid-plane strain monotonically increases with the increase in the magnetic field. This apparently anomalous behavior can be explained by combining the information in Figures 3 and 4 and using them in equation (29). For t 1 = 0.46 mm, the strain on both the Galfenol and the aluminum surfaces is of the same sign.
Hence, the magnitude of the normalized tip displacement can decrease with the increase in the magnetic field if the change rate of the strain with respect to the magnetic field is higher in the Galfenol layer than in the aluminum layer. It can be deduced that this effect may be even more prominent with a thinner aluminum layer.
At magnetically saturated conditions, the normalized tip displacement increases when the t 1 value is decreased down to 1.85 mm. For the t 1 value smaller than 1.85 mm, the normalized tip displacement decreases with the decrease in the t 1 value. This trend is consistent with the 1D and 3D simulations shown in Table 1 .
The underestimation of the experimental results by both 1D and 3D models is possibly due to the omission of the effect of the bond layer between the Galfenol and the aluminum layers and any associated Young's modulus of the bond is unknown, the simulation is performed using possible range of values for typical cured cyanoacrylate glues. Moreover, since the thickness of the bond layer may vary in different unimorphs, the simulation is performed with a range of bond layer thickness. Figure 8 shows that the normalized tip displacement increases with the increase in the bond layer thickness and the bond's Young's modulus. In addition, the normalized tip displacement regarding the bond layer significantly differs from the ideal condition neglecting the bond layer. The simulation results in Figure 8 provide the explanation for the higher saturation values of the normalized tip displacement calculated from the experiments compared to the values predicted by the ideal models which ignore the effect of the bond layer.
Conclusion
A nonlinear model is developed to predict the behavior of the laminated cantilever beam with Galfenol adhered to an aluminum layer. The laminated Galfenol-driven magnetostrictive cantilever beam subjected to magnetic fields and in-plane mechanical axial and bending was studied.
First, in this model, the total energy with an applied stress and a magnetic field is determined as the sum of the magnetic, the stress-induced, and the magnetocrystalline anisotropic energies along different orientations of magnetization. The laminated Galfenol-driven magnetostrictive structure is built based on the design criteria set by beam theory with induced-strain actuation.
Second, the structure of the experimental setup is analyzed using the FE method. The simulated values of the normalized tip displacement show that the maximum error between the 1D and 3D predictions is 4%. It supports that the aspect ratio of the unimorphs does not have a significant effect on the simulation results and a complete 3D structural analysis might be unnecessary.
Finally, the effect of the stiffness of the non-magnetic layers and the actuating magnetic field on the actuator performance is studied. Simultaneously, the bond layer can be modeled as an additional layer between the Galfenol and the aluminum. The results show that the normalized tip displacement increases with the increase in the bond layer thickness and the bond's Young's modulus. And the normalized tip displacement regarding the bond layer significantly differs from the ideal condition neglecting the bond layer. 
